Abstract. In this article I give a brief account of the development of research in the Renormalization Group in Mexico, paying particular attention to novel conceptual and technical developments associated with the tool itself, rather than applications of standard Renormalization Group techniques. Some highlights include the development of new methods for understanding and analysing two extreme regimes of great interest in quantum field theory -the "high temperature" regime and the Regge regime.
INTRODUCTION
Works that involve the Renormalization Group (RG) in high energy physics can be divided into two types -those that use a well known and studied version to attack a new problem (see the contribution of [1, 2] for this perspective); and those that develop new RG concepts and techniques to study either an old or new problem. This article will delineate some of the advances made by Mexican scientists to the latter. RG research in this sense was a relative newcomer to Mexico, there being little activity before the mid-90s when a group formed at the Instituto de Ciencias Nucleares of the UNAM and slightly later at the CINVESTAV. Since then further groups have sprung up at the UMSNH and the Universidad Autónoma del Estado de Hidalgo.
Before talking about the work done in Mexico it's worthwhile putting it in context by considering a bit of the history of renormalization and the RG. There have been, in fact, two routes to the RG: one with its origin in the notion of renormalization (reparametrization) in high energy physics and the other in that of coarse graining in statistical physics. The reparametrization approach had a strange early history, being associated with what might be viewed as somewhat of an embarrassment -the existence of divergences in the perturbative expansion of energy levels, scattering amplitudes and other quantities in quantum field theories such as QED. It was noticed that these divergences could be absorbed into a redefinition of the parameters that characterised the theory, such as mass parameters, coupling constants etc., passing from the underlying "bare" parameters, which were deemed to be unobservable, to "renormalized" parameters in terms of which physical observables were described. This was the "sweeping things under the rug" approach to renormalization, where a recipe was followed for a given field theory, and if the divergences fitted "under the rug" then the theory was said to be renormalizable. Those theories where the divergences kept sticking out were called non-renormalizable. As the sophistication of the formal mathematical framework of renormalization theory increased, it became possible to rigorously prove in some field theories that all of the divergences could be swept under the rug, without the labour of having to show it order by order in perturbation theory.
Early on, an observation was made by Stückelberg and Petermann [3] that there was an ambiguity associated with just how much was actually under the rug and how much was outside it, as long as the larger (infinite in the case where the ultraviolet cutoff goes to infinity) part was under. This ambiguity manifested itself in the fact that the renormalized parameters depended on an arbitrary scale -the renormalization scale. Changing this scale led to new values for the different parameters -coupling constants, mass parameters etc. Physical quantities however, were independent of these changes. In other words, one was writing the same physics, but in terms of a different set of parameters, associated with different renormalization scales. Changing from one scale to another was in this sense just a change of parametrization. What is more, one could take a theory, sweep the divergences under the rug with one bigger sweep, or two separate smaller sweeps, and still leave what was outside the rug the same. The sweepings thus had a group structure (you could also lift the rug and sweep some back out again -inverse transformation -or not sweep anything at all -the identity). Thus was born the RG.
More formally: In terms of the operators associated with a field theory, there are two basic types of "sweeping" (or more correctly -renormalization/reparametrization) -additive and multiplicative. The former are associated with tuning of parameters, such as masses/critical temperature shifts, the cosmological constant, the specific heat and composite operators in general, wherein a parameter or operator O → O + O c . Multiplicative renormalization on the other hand is associated with the scaling of parameters/operators, wherein a parameter or operator O → Z O O, and, in particular, with the correlation functions of different operators. It is precisely these multiplicative factors that determine scaling exponents for observables derived from the underlying correlation functions, such as the susceptibility, coupling constants, scattering amplitudes etc. A typical scenario for the perturbative expansion of some Greens function as a function of a parameter, such as momentum, in a scaling limit p/m 1 is described by
where λ is a coupling constant taken as the perturbative expansion parameter. For large p the perturbative expansion breaks down. A multiplicative renormalization of G(p) is introduced and because the constants A, B, C etc. are not all independent, a multiplicative renormalization G(p) → ZG(p) can be introduced such that the large logarithms are eliminated order by order in perturbation theory. One effect of the RG is to resum these logarithms so as to be able to write for example to O(λ )
Upon expanding the exponent in λ one recovers the first three terms of (1) with C = B 2 /2A. Thus, the scaling exponent characteristic of G(p) is found to be (a + (B/A)λ ) rather than just a. One could make a fairly convincing argument that in high energy physics the vast amount of research has been associated with this simple abstract idea implemented at a perturbative, diagrammatic level. Thus, although it was felt that a better, still to be found, description of reality would not need renormalization, it was also felt that at least a self-consistent framework had been developed in which the whole process could be carried out. In fact, this approach was so successful that in the "Diagrammar" program of 't Hooft and Veltman a field theory was defined by its perturbative expansion in terms of Feynman diagrams and their associated counterterms. As far as predictions in QED and, more generally, the standard model are concerned, the entire program has worked, in pragmatic terms, fabulously well.
In the 1960s the problem of how to theoretically describe the scaling phenomena seen in second order phase transitions was very much on people's minds. Although a phenomenological framework had been developed, nothing much was known from first principles. Leo Kadanoff's notion of "block spins" -effective degrees of freedom representing sums of the underlying microscopic spins -captured very intuitively the idea that coherent fluctuations near the phase transition strongly coupled together large numbers of degrees of freedom. It was left to Ken Wilson to turn this idea into a quantitative tool, whereby such "coarse grainings", which form a semi-group (there are no inverse transformations to undo a coarse graining), could be implemented in a mathematically controllable fashion, such as with the famous ε-expansion of Wilson and Fisher [4] .
One of the deep insights of Wilson was to realize that the natural arena in which to consider coarse grainings was the space of parameters, M , or space of Hamiltonians as it is more often termed. This, actually, is equally true irrespective of whether one adopts the reparametrization point of view or the coarse graining approach, although this does not seem to have been realized in QFT before the advent of Wilson's work. Coarse graining (RG by an abuse of language) transformations yield a flow in the (potentially) infinite dimensional space of parameters M (or the space of all Hamiltonians). The transformations are associated with a one-parameter flow with respect to a quantity which can be interpreted as a change in lattice spacing or some UV or IR cutoff. Of particular interest are the fixed points of the coarse graining, as they represent points of scale invariance. The RG transformation can be linearized around the fixed points, the resulting eigenvalues yielding the scaling exponents associated with that fixed point. From a calculational point of view it throws the emphasis onto calculating the parameter flows, the idea being that one may wish to calculate the physics of a system at certain parameter values, where an approximate calculation is extremely difficult, such as near a second order phase transition, by relating it to the system at some other values where the calculation is more reliable, the two systems being connected by an RG flow. Thus a coarse graining relates the same system in two different physical states.
So, how are the two RGs -reparametrization and coarse graining -related?. Both have one parameter flows and fixed points for those flows. For coarse graining, two points on a flow trajectory represent the same system in two different physical states, whereas in the reparametrization approach they represent two different sets of parameters (coordinate systems) associated with a fiducial, or reference, system with which to describe a potentially different system of interest. In this case, there is also an arbitrary renormalization scale of which the physics is independent. By making a choice for this scale that is related to the physics of the system of interest a "gauge" choice has been made and the coordinate invariance is lost. If the reference system is the same as the system of interest then this "gauge-fixed" reparametrization RG will be equivalent to the coarse-grained one.
Both RG "schools of thought" -reparametrization and coarse graining -have had a profound impact on late 20th century physics, in many different fields. Each has its own particular adherents, though there are some who are equally comfortable with both paradigms. However, a difficulty of the RG is that it is a tool, and what unifies people is the application area not the tool per se. The reparametrization approach still resonates more in QFT and the coarse graining approach more in statistical physics, and hence the two communities of RG users have not mixed as much as might be wished. An exception to this rule has been the quadriennial RG conferences, organized originally by one of the most important pioneers of the reparametrization RG -Dimitri Shirkov. The fourth conference in the series, the first to be held outside the Soviet Union/Russia, was held in Taxco, México in 1999 and had as honoured speakers, among others, Dimitri Shirkov and Michael Fisher -it was the first time that these two great pioneers of the (two different) RGs had ever met!. The proceedings of this important meeting, which brought together many of the most important contributors to RG theory, both from high energy and statistical physics, were published in four special volumes of Physics Reports [8, 7, 6 , 5] reviewing the state of the art in RG theory at the turn of the millenium -an important contribution from Mexico to the field. I will now turn to some specific areas of RG research that have been particularly active in Mexico.
CROSSOVER BEHAVIOUR
The region where it is essential to use the RG is when there is a scaling regime, wherein many microscopic degrees of freedom are strongly coupled together. This is most obviously the case in the vicinity of a second order phase transition and also, analogously, in quantum field theory, and manifests itself perturbatively by the existence of divergences as a function of, for example, a ratio of length scales, such as p/m, Λ/m or Λ/p, where p is a momentum scale, m a mass scale and Λ a cutoff. As mentioned, the reparametrization RG is a tool for relating systems at different renormalization "scales". A renormalization scale in high energy physics is often taken to be a single momentum scale, associated with a scattering amplitude chosen at a symmetric point where different momentum invariants are equal. Generally there are many other choices, such as masses, UV or IR cutoffs or, less studied, asymmetric momentum invariants.
The first triumphs of the RG were associated with the description of a single scaling regime associated with a single fixed point of the RG transformation. Generically, however, there is more than one scaling regime as a function of the different length scales inherent in a problem. A particularly relevant example of this, is finite temperature field theory, where the existence of the temperature scale, T , is equivalent to having a field theory on a cylindrical space, where Euclidean time is compactified with radius proportional to the inverse temperature. In this case, at small scales relative to 1/T the system is d-dimensional, whereas at large scales it looks (d − 1)-dimensional. Hence, there are two distinct scaling regimes associated with d and (d − 1)-dimensional physics and a corresponding crossover between them as a function of T /m. Such crossovers are ubiquitous, being intrinsically "infrared" phenomena involving a characteristic "environmental" scale, such as temperature, magnetic/electric field, "size" of the universe etc. Momentum scales far removed from this scale in the UV are insensitive to it and therefore insensitive to the crossover.
In terms of the RG, as a function of T and the renormalization scale, κ, these two different scaling regimes can be reached in the scaling limits where κ → ∞, and either T /κ → 0 or, in the "high temperature" limit, where T /κ → ∞. As the physically relevant effective degrees of freedom of a system depend on its "environment", in this case the temperature, if one wishes to implement an RG that captures both scaling regimes, i.e., both d-and (d − 1)-dimensional physics, then that RG had better be temperature dependent or, more generally, "environmentally friendly" [9, 10] .
Such environmentally friendly RGs have been a topic of intense study by Mexican researchers, both directly, in the context of critical phenomena [11, 12, 13, 14] , and, as mentioned, in high energy physics, in the context of finite temperature field theory [15, 16, 17, 18, 19] . In the latter a particular innovation was to use as renormalization scale a fiducial temperature. The corresponding RG then runs a temperature and not a mass or momentum scale. By so doing it becomes much more transparent what is meant by a "high-temperature" regime as high has to be referred to some other scale. Thus, the vicinity of a second-order or weakly first-order phase transition is definitively high temperature as the finite temperature mass in this regime is very small. In such a regime procedures such as the hard-thermal loop resummation cannot work, not least because, generically, there are important thermal corrections to the coupling constant.
MORE THAN ONE SINGULARITY PER GREENS FUNCTION
In the introduction I pointed out how a multiplicative renormalization, in conjunction with the RG, is able to "exponentiate" a series of potentially divergent terms in perturbation theory, thus giving rise to an asymptotic scaling behaviour. The corresponding singularity is just the leading, i.e., dominant, singularity. However, we know, for example by considerations of the transfer matrix, that there are many singularities inherent in a single Greens function of a theory. How does one access more than one singularity? An important example of this phenomenon in high energy physics is the small-x limit associated with Regge theory and Regge trajectories. In this extreme kinematic limit the scaling form of the four-point scattering amplitude shows an apparent dimensional reduction, or perhaps better said, a dimensional "factorization, manifest for φ 3 theory for example, in the dimensionally reduced form of the dominant ladder diagrams in this limit, the dimensional reduction being d → (d − 2). A similar phenomenon occurs in gravity and could well play an important role in quantum gravity as has been emphasized by 't Hooft [20] . In work related to the above, 't Hooft [21] also showed that certain Planck scale processes can be calculated using known laws of physics. Specifically, Regge limit graviton-graviton scattering amplitudes with s t can be calculated, the resultant amplitudes possessing certain features in common with string theory amplitudes. This work was extended by the Verlindes [22] who showed that in the "Regge" regime quantum gravity separates into strongly coupled (longitudinal) and weakly coupled (transverse) sectors. This separation into weak and strong coupling sectors is very characteristic of a kinematic crossover.
Work by Mexican researchers has shown how RG techniques can be adapted to deal with such kinematic dimensional reductions [23, 24, 25] . I will briefly illustrate the phenomenon within the context of a cubic scalar field theory. Rather than deal with the connected Greens functions directly it is convenient to use the quantities Γ ..i n denotes the external legs, i.e. i 1 , . .., i n , which can take different values depending on the field content of the theory. The relation to fully one-particle irreducible Greens functions is found using the standard "tree theorem".
For the pure cubic scalar theory in four dimensions with coupling g and mass m, to one loop the only UV divergence is a logarithmically divergent correction to m. This UV divergence can be removed in the standard fashion. After this renormalization, although UV finite the theory is not perturbatively reliable in the extreme, asymmetric scaling limits as can be illustrated using the two-particle scattering amplitude in the asymmetric limit t → ∞ for fixed s. The one-loop diagrams of the on-shell amplitude can be classified according to whether they contain a factor of lnt, a factor of ln(−t), or are "finite", a separation which can in principle be carried out to all orders leading to the following decomposition forΓ i jkl B [23] :
The function B i jkl B,s contains no large logarithms and does not play an important role in the asymptotic t behaviour. However, in the large-t limit, B i jkl B,t contains logarithms of t and B i jkl B,u logarithms of −t. In some simple cases these logarithms can be summed by hand. However, Mexican researchers have shown how this can be done systematically using the RG [23, 24] . In distinction to the standard case, as there are two sets of large logarithms, one associated with B B,t and another set with B B,u , an overall multiplicative renormalization of the connected four-point function will not be sufficient. Rather, one needs to get inside the Greens functions and identify the parts, B B,t and B B,u , that will renormalize "naturally". For example, B t (s,t, g(κ), m(κ), κ) = Z t B B,t (s,t, g B , m B , Λ) , where Z t depends on the specific normalization condition chosen, satisfies the RG equation
where γ t = d ln Z t /d ln κ is the anomalous dimension of B t . This equation can be integrated and a fiducial value of t chosen as the RG scale κ. In the limit of large t there exists a one parameter family of "fixed points" wherein g(t) → g(∞) and γ t is purely a function of s.
To obtain the correct ratio of t-and u-contributions we have to consider the largeu limit for the u-contributions. Proceeding in exactly the same way as for the tcontributions we can now replace u by −t, to be interpreted as e iπ t, and add the t-and u-contributions to find
where α(s) = −1 − γ t (s) and B s (t, u) contains the finite (in the large-t limit) scontributions and Z is a non-universal amplitude that should be determined via an experimental result on the two-point scattering amplitude at some value of t for fixed s. Thus we see it is possible using the RG to produce signatured amplitudes. The renormalization here is completely crossing symmetric yielding analagous expressions in the large s or large u limits. Naturally, in the different asymptotic limits the diagrams that contribute to the renormalization are different. An explicit one-loop calculation (5) yields [23, 24] 
where the one-loop Regge trajectory is
and, as mentioned, Z(s, κ) must be determined via an appropriate experiment. The above methodology is generalizable to much more complicated cases. Interestingly, even the simple case of an interaction φ † φ ψ leads to quite complicated renormalization scenario where a matrix renormalization is necessary [24, 25] which leads to an extremely rich set of Regge trajectories. As Regge trajectories also give important information about the bound states of a theory the results of this section show that it is possible to use an environmentally friendly renormalization to access some aspects of the crossover between boundstates and unbound states.
Bound States
By developing an RG methodology for calculating Regge trajectories then, given the relationship between such trajectories and the existence of bound states in a field theory, it has been possible to use the RG in this extreme asymmetric limit to calculate properties of bound states [28, 29] . In [28] different charge sectors of a scalar theory with interaction φ † φ ψ were considered and found to have a surprisingly rich bound state spectrum. The results were compared and contrasted with known results of the BetheSalpeter equation in the ladder approximation and, in the non-relativistic limit, with the corresponding Schrödinger equation. An advantage of using this methodology is that it preserves all relevant symmetries such as crossing symmetry and gauge invariance as well as being readily extendable to higher loop orders.
OTHER AREAS OF RESEARCH
A hallmark of research on the RG in Mexico has been its willingness to see the RG, in both its reparametrization and coarse graining guises, as a versatile and quite universally applicable tool for describing systems where collectivity is an important phenomenon.
Some areas outside of high energy physics that have been studied using the RG for the first time in Mexico are:
• Causal sets: Causal sets [26] offer an alternative potential model for quantum gravity based on an underlying finite set of space-time points as opposed to a continuum. In [27] it was shown how the "coupling constants" that parameterize the dynamics of a causal set are renormalized through cycles of expansion and contraction of the causal set universe. The consequent RG flows were analysed. • Genetic Dynamics: In the dynamics of genetic systems composed of genes, the natural effective degrees of freedom are not individual genes on a single chromosome, but rather, due to the action of recombination in meiosis, are subsets of genes defined in a population that form "building blocks". These building blocks in their turn are composed of even more coarse grained blocks, which in their turn ... The associated coarse grainings form a semigroup -a RG [30, 31] . The formal solution of the associated RG equations allows for a much more intuitive and quantitatively feasible analysis of the dynamics.
CONCLUSIONS AND FUTURE PROSPECTS
Although RG theory is a relative newcomer to Mexico, there has been a great deal of progress in the last 10-15 years, both in terms of theoretical developments and applications. In the area of high energy physics, the main developments have been in finite temperature field theory and asymmetric momentum scaling limits in quantum field theory, i.e. the Regge limit. This work is novel in that the physics of systems as a function of momenta, both in critical phenomena and in quantum field theory, have traditionally been associated with RGs that depend on only one momentum invariant, e.g. momentum associated with the symmetric point. However, there are many phenomena that cannot be easily accessed by RG methods with this restriction due to the fact that they occur as a function of very asymmetric ratios of momenta. The paradigmatic example considered was that of physics in the Regge limit. An environmentally friendly renormalization capable of accessing this limit introduces several novel features, such as having to renormalize subparts of Greens or vertex functions rather than the functions themselves. This extreme kinematic limit also appears naturally in stellar collapse and black hole formation and, importantly, in turbulence where it has been identified as a possible mechanism originating anomalous scaling. Another area of strong interest has been that of using more than one RG. One of the key elements of the RG methodology is to use it to map to a region of parameter space where a reliable calculation may be carried out starting from a region where standard approximation techniques are invalid. Physically, this often entails mapping from a region with a diverging length scale, such as the correlation length near a critical point, to a region where the length scale is small in an appropriate sense. A particular choice of sliding scale, or number of iterations of the RG map for a Wilsonian RG, is made to achieve this. In the case where a system may exhibit more than one diverging length scale however this artifice may become somewhat problematical as a matching can be made to one of the scales but the others are left as potentially dangerous. In the context of a reparametrization RG such problems can in principle be attacked by implementing more than one RG. The principal advantages of using more than one RG are: access to complementary information, as shown in the example of comparing finite temperature field theory with a running finite temperature mass RG and with a running temperature RG; less physical input and therefore more predictive power. This can be illustrated in the case of finite temperature QCD where with two RG's specification of the coupling at one momentum and one temperature was sufficient for the RG to be able to calculate the coupling at any other momentum or temperature. In the case of one RG it would be neccessary to have a line of initial conditions.
A description of QCD in the IR starting with the QCD Lagrangian in terms of quarks and gluons remains an unsolved problem. This is principally due to the fact that the effective degrees of freedom in the IR are baryons, mesons and glueballs -bound states of gluons and quarks. This type of crossover in the effective degrees of freedom also appears in other important problems such as superconductivity. In terms of a coarse graining RG what is required is an RG that coarse grains bound states at low energies and their constituents at high energies.
As of yet such an RG has not been developed. For a reparametrization RG some progress can and has been made by exploiting the information on bound states contained in the Regge limit [28] . A direct access, however, remains very much an open problem.
